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PREFACE 
One of the basic rncthodological problems of large-scale systerr~s analy- 
sis is to define ~nraningful mathernatieal structures for the components or 
"pieces" comprising the systcnl and to  study their irltcrconnections. Most 
of the fundamental advances in rnathcrnatii:al programming and optimal 
control theory, such as the Dar~tzig-Wolfe decomposition method, fast 
Fourier transforms, and generalized x-y functions have been specid cases of 
this basic idea. 
The results of this report provide a reasor~ably general mathematical 
framework within which the structurc-conncctivity question may be 
attacked by algebraic and geometric means. As the initial cffort in what 
is projected to  be a long-term rescarch program. the current paper deals 
primarily with definitions. examples. and indications of the utility of the 
proposcd methodology . 
The results of this study should prove useful in a numbcr of IlASA 
areas. particularly to the Energy, Water, and Ecology groups. 

SUMMARY 
The report shows how a binary relation between two abstract sets may 
be geometrically interpretcd as a simplicial con~plex. Standard and non- 
standard concepts from combinatorial topology are then employed to  study 
the global connectivity structure of the complcx. Classical notions such as 
homology are illustrated by examples chosen from various fields. 
The eonncction between thc standard differential equation definition 
of a dynamical system and the polyhedral dynamic set-up is explored in some 
detail. It is shown that the complex associated with a linear system provides 
a very illuminating paradigm within which new interpretations of open- and 
closed-loop cor~trol aws are possible. 'The report concludes with a discussion 
of topics for future investigation. 

P o l y h e d r a l  Dynamics and t h e  Geometry o f  Systems 
GLOBAL VS. LOCAL ANALYSIS I N  SYSTEM THEORY 
Beginning w i t h  t h e  work of Newton i n  c e l e s t i a l  mechan ics ,  
m a t h e m a t i c a l  t e c h n i q u e s  f o r  t h e  a n a l y s i s  of s y s t e m s  have p ro-  
ceeded  upon t h e  b a s i c  p r i n c i p l e  t h a t  a  d e t a i l e d  u n d e r s t a n d i n g  
o f  l o c a l  sys tem p r o p e r t i e s  would l e a d  ( v i a  t h e  s y s t e m ' s  dynam- 
i c a l  e q u a t i o n s  of mot ion)  t o  a  comple te  u n d e r s t a n d i n g  o f  t h e  
g l o b a l  sys tem s t r u c t u r e  and b e h a v i o r .  Obvious ly ,  t h i s  r educ-  
t i o n i s t  p r i n c i p l e  s e r v e d  w e l l  f o r  s e v e r a l  c e n t u r i e s  i n  p h y s i c s  
u n t i l  t h e  a d v e n t  o f  quantum mechanics  and r e l a t i v i t y  t h e o r y  c a l l e d  
it i n t o  q u e s t i o n  i n  c o n n e c t i o n  w i t h  t h e  s t u d y  o f  t h e  s o - c a l l e d  
" e l e m e n t a r y "  p a r t i c l e s .  
I n  more r e c e n t  t i m e s ,  t h e  u n p a r a l l e l e d  s u c c e s s  o f  t h e  r e -  
d u c t i o n i s t  p o i n t  o f  view i n  c l a s s i c a l  p h y s i c s  h a s  spawned t h e  
hope on t h e  p a r t  o f  many b i o l o g i s t s ,  s o c i o l o g i s t s ,  e c o n o m i s t s ,  
and o t h e r s  t h a t ,  by f o l l o w i n g  t h e  l o c a l  p a t h  b l a z e d  by t h e  
p i o n e e r i n g  p h y s i c i s t s ,  t h e y  t o o  would be  rewarded n o t  o n l y  w i t h  
new c o n c e p t u a l  i n s i g h t s ,  b u t  a l s o  w i t h  ready-made o p e r a t i o n a l  
t o o l s  " p r e - t e s t e d " ,  s o  t o  s p e a k ,  by t h e  p h y s i c i s t s .  U n f o r t u n a t e l y ,  
s u c h  a  program,  w h i l e  s t i l l  under  way, h a s  a l r e a d y  met w i t h  
some of  t h e  same o b s t a c l e s  e n c o u n t e r e d  by t h e  modern p h y s i c i s t s  
and it now seems c l e a r  t h a t ,  a t  b e s t ,  l o c a l  a n a l y s e s  w i l l  b e  
o n l y  p a r t i a l l y  s u c c e s s f u l  i n  answering many of  t h e  most  p r e s s i n g  
p rob lems  f a c e d  i n  t h e  socio-economic s p h e r e .  
The f a i l u r e  o f  t h e  l o c a l ,  c a l c u l u s - b a s e d ,  t o o l s  t o  p r o v i d e  
s a t i s f a c t o r y  answers  t o  q u e s t i o n s  i n v o l v i n g  t h e  g l o b a l  s t r u c t u r e  
of s y s t e m s  h a s  g e n e r a t e d  a  renewed i n t e r e s t  i n  t h e  sys tem t h e o r y  
community i n  t h e  u s e  o f  g l o b a l  m a t h e m a t i c a l  t e c h n i q u e s  i n  s y s t e m s  
a n a l y s i s .  Supposed ly  a r c a n e  (and  u s e l e s s )  a r e a s  of mathemat ics  
such  a s  g r o u p  t h e o r y ,  i n v a r i a n t  t h e o r y ,  L i e  a l g e b r a s ,  and 
differential geometry are now being used to probe the inner 
workings of complex systems and many new insights into the 
"holistic" structure of systems have been obtained in the past 
decade or so [1*113]- 
As an aside, it is amusing to note that this shift in em- 
pnasis from the local to the global corresponds to a swing of the 
intellectual pendulum back from Newtonian to Aristotelian physics. 
In his Politics, Aristotle states "in the order of Nature the 
State is prior to the household or the individual. For the whole 
must needs be prior to its parts." This view is in direct con- 
flict with the post-medieval scientific method since it leads to 
a physics in which the significance of set members is explained 
in terms of the significance of the set (the whole). Modern 
physical theories, of course, do exactly the opposite; the whole 
is "explained" in terms of the (elementary) parts. The Aristo- 
telian view dominated physical thought for many centuries until 
the modern experimentalist view, begun by Galileo and legitima- 
tized by Newton, took over the stage. Now we see a revival of 
interest in the holistic theories, sending us back to that other 
Aristotelian notion of "moderation in all things". 
Our goal in this report is to outline a mathematical approach 
based upon concepts from algebraic topology for the study of glob- 
al system structure. The essence of our approach, introduced by 
Atkin in 1974 under the name of q-Analysis (here we propose to 
describe the theory as "polyhedral dynamics"), is to utilize the 
connective structure of the system in order to obtain a geometrical 
(and algebraic) representation of the system as a simplicia1 com- 
plex. Ideas and techniques of classical algebraic topology, to- 
gether with some newer notions motivated by the system-theoretic 
context, are then used to provide new insights into the global 
connectivity structure of the system and to study the manner in 
which the individual system components interconnect to form the 
total structure. Following a discussion of the basic topological 
concepts introduced by Atkin [1,2,3,41 in a variety of frame- 
works, we examine the notions precisely by interpreting them in 
the context of linear systems. In this manner we hope to obtain 
a deeper understanding of the nature of feedback control laws, as 
w e l l  a s  an a l t e r n a t e  v i e w p o i n t  on t h e  problem of  c o n t r o l l a b i l i t y .  
I n  a d d i t i o n ,  we s h a l l  show t h a t  t h e  s t a n d a r d  d u a l i t y  r e s u l t s  of  
l i n e a r  s y s t e m  t h e o r y  have a  n a t u r a l  g e o m e t r i c a l  i n t e r p r e t a t i o n  i n  
t h e  l anguage  o f  s i m p l i c e s  and complexes .  F i n a l l y ,  we p r e s e n t  
e v i d e n c e  t o  s u g g e s t  t h a t  t h e  m a j o r i t y  of t h e  g l o b a l  s t r u c t u r a l  
r e s u l t s  g i v e n  f o r  l i n e a r  sys tems  may a l s o  be e x t e n d e d  t o  n o n l i n e a r  
sys tems  w i t h  o n l y  modest a d d i t i o n a l  e f f o r t .  
BASIC CONCEPTS FROM ALGEBRAIC TOPOLOGY 
I n  t h i s  s e c t i o n ,  we b r i e f l y  rev iew t h e  background m a t e r i a l  
from c l a s s i c a l  a l g e b r a i c  ( c o m b i n a t o r i a l )  t o p o l o g y  which w i l l  be 
needed f o r  o u r  s u b s e q u e n t  development .  Much more d e t a i l  can  be 
o b t a i n e d  i n  any o f  t h e  c l a s s i c  r e f e r e n c e s  i n  t h i s  a r e a ,  f o r  
example [ 5 , 6  I , and t h e  Appendix C o f  [ ' I  1 . 
The g e n e r a l  s e t - u p  f o r  p o l y h e d r a l  dynamics ,  a s  i n i t i a l l y  
c o n c e i v e d  by A t k i n  [ I ] ,  is  t o  r e g a r d  a  sys tem a s  a  r e l a t i o n s h i p  
between t h e  e l e m e n t s  of f i n i t e  sets. To a v o i d ,  f o r  t h e  moment, 
h i e r a r c h i c a l  c o n s i d e r a t i o n s  [ 2 , 3 , 4 ] ,  w e  assume t h a t  two f i n i t e  
sets X =  { x  l , . . . , ~ n } ,  Y =  { y l ,  . . . , y  a r e  g i v e n ,  t o g e t h e r  w i t h  a  
r e l a t i o n  X c Y x X ,  i .e .  X i s  a  r u l e  which a s s o c i a t e s  e l e m e n t s  of 
Y w i t h  t h o s e  of  X a c c o r d i n g  t o  some c r i t e r i o n .  For  example ,  i f  
Y = { 1 , 2 , 3 , 4 , 5 } ,  X = { 0 , 1 , 2 } ,  and X i s  t h e  r e l a t i o n  " -- i s  l e s s  
t h a n  -", t h e n  X = { ( 1 , 2 ) ) ,  i . e .  t h e  s u b s e t  o f  Y x X c o r r e s p o n d i n g  
t o  t h e  r e l a t i o n  X i s  t h e  s i n g l e  e l e m e n t  s e t  ( y 1 , x 3 ) } .  Assoc i -  
a t e d  w i t h  any s u c h  r e l a t i o n  X ,  w e  a l s o  have t h e  i n v e r s e  r e l a t i o n  
- 1 A C X x  Y ,  which is  d e f i n e d  by t h e  r u l e  t h a t  i f  ( y , x )  E X ,  t h e n  
( x , y )  E A - l .  For  example ,  i f  X r e p r e s e n t s  t h e  open p r o p o s i t i o n  
#I-- 
-1 . i s  t h e  c h i l d  o f  -", t h e n  X 1s t h e  p r o p o s i t i o n  " - - i s  t h e  
p a r e n t  o f  -". C l e a r l y ,  r e g a r d i n g  a  sys tem a s  a  r e l a t i o n  between 
two s e t s  is  a  v e r y  g e n e r a l  c o n c e p t  whose s u c c e s s f u l  a p p l i c a t i o n  
h i n g e s  c r i t i c a l l y  upon an a d r o i t  c h o i c e  of  t h e  sets X and Y and 
t h e  r e l a t i o n  A .  However, it is a  n o t i o n  s u f f i c i e n t l y  b r o a d ,  
m a t h e m a t i c a l l y  s p e a k i n g ,  t o  s u p p o r t  a  s u r p r i s i n g  amount o f  geo- 
m e t r i c a l  s t r u c t u r e  a s  we now i n d i c a t e .  
I n  d i r e c t  c o r r e s p o n d e n c e  t o  t h e  f o r e g o i n g  s e t - t h e o r e t i c  
d e s c r i p t i o n  o f  a  sys tem,  we can  o b t a i n  a  g e o m e t r i c a l  r e p r e s e n t a t i o n  
of the relation X C Y x X in the following manner. Let the ele- 
ments {X l,...,~n) of the set X abstractly represent the vertices 
of a simplicial complex, while the elements of Y represent the 
simplices. Then the simplices actually forming the complex 
(denoted by Ky(X;X)) are defined by the relation A. Thus the 
simplex a = <xi ,x. ,..., x.> is a member of K (X;A) if and 
r- 1 1 r Y 
- 
only if there exists some y .  E Y such that 
I 
s = l r  In this case, we denote the simplex <xi ,Xi ,..., 
1 2  
x.7 by y.. The dimension of K, dim K, is defined to be equal 
r I 
to the dimension of the hlghest aimensional simplex contained 
in K. Thus, assuming each element of Y is A-related to at least 
one element of X, we see that X induces the simplicial complex 
Ky(X;X), which geometrically represents the global picture of 
the relation. By interchanging the roles of X and Y, and using 
the inverse relation A - l ,  we also obtain the conjugate complex 
K~ (Y; A - l  ) representing the relation A - '  . 
A simple example will help to clarify these matters. Let 
x = {bread, milk, stamps, shoes}, Y = {market, department store, 
bank, post office}; let X be the relation (yi,x ) E A if and only j 
if product x. can be purchased at facility yi. Then clearly, 
I 
Thus, the simplices of Ky(X;A) are 
(Note: the "empty" simplex y3 does not belong to Ky(X;A) unless 
we agree to "augment" the complex by the addition of $ as a 
vertex representing a (-1)-dimensional simplex.) Geometrically, 
Ky (X; A) has the structure 
showing t h a t  K y  ( X ;  A )  i s  a  m u l t i p l y - c o n n e c t e d  complex c o n s i s t i n g  
o f  t h e  1-s implex y l ,  t h e  two 0 - s i m p l i c e s  y2  and y u ,  and t h e  ( - 1 ) -  
s i m p l e x  y 3 .  A s  i s  o b v i o u s  by i n s p e c t i o n ,  t h i s  " sys tem"  d i s p l a y s  
a  v e r y  low l e v e l  of c o n n e c t i v i t y ,  a  n o t i o n  we s h a l l  make more 
p r e c i s e  i n  a  moment. 
A compact form w i t h  which t o  r e p r e s e n t  t h e  r e l a t i o n  1 i s  by 
i t s  i n c i d e n c e  m a t r i x  A .  Adopt ing t h e  c o n v e n t i o n  t h a t  t h e  (i,j) 
e n t r y  o f  .!I c o r r e s p o n d s  t o  t h e  p a i r  !y . ,x . )  , we s e t  
1 3  
1 1 ,  i f  ( y i , x )  ; A 
I 
A . .  = 
( 0 ,  o t h e r w i s e  . 
~ h u s ,  we r e p r e s e n t  Ky (X; A )  
- 1  
w h i l e  t h e  c o n j u g a t e  complex K X ( Y ; A  ) h a s  t h e  r e p r e s e n t a t i o n  
A more c o m p l e t e  p i c t u r e  o f  how K i s  c o n n e c t e d  i s  o b t a i n e d  
by a  s t u d y  o f  t h e  "homolog ica l "  s t r u c t u r e  o f  t h e  complex.  
Roughly s p e a k i n g ,  we a n a l y z e  how many " h o l e s "  K c o n t a i n s  and 
t h e i r  r e s p e c t i v e  d i m e n s i o n s .  To make t h e s e  g e o m e t r i c a l  n o t i o n s  
p r e c i s e ,  we f i r s t  p r e s e n t  some background d e f i n i t i o n s  and con- 
c e p t s ,  t a k e n  from t h e  work i n  [ 1 1  . I n  what f o l l o w s ,  we a d o p t  
t h e  s t a n d a r d  n o t a t i o n  o t o  r e p r e s e n t  a n  a r b i t r a r y ,  b u t  f i x e d ,  
P  
p -d imens iona l  s i m p l e x  ( i . e .  a  s i m p l e x  c o n s i s t i n g  o f  p + l  v e r t i c e s ) .  
C h a i n s  and B o u n d a r i e s  
We r e s t r i c t  t h e  d i s c u s s i o n  t o  t h e  c a s e  o f  a  r e l a t i o n  X 
between two finite sets X and Y; in particular A C Y x X and 
- 1 X C X x Y .  Either of the two simplicia1 complexes Ky(X;h), 
K ~ ( Y ;  A-l) possesses a finite dimension and a finite number of 
simplices. 
We therefore take the case of such a complex, say Ky(X;A), 
in which dim K = n; we assume that we have an orientation on K, 
induced by an ordering of the vertex set X, and that this is 
displayed by labelling the vertices x1,x2, ..., xk, with k 2 n+l. 
We select an integer p such that 0 I p I n and we label all the 
i 
simplices of order p as a i = 1,2, ... 
P' 
,hp, where we suppose 
that there are h p-simplices in K. 
P 
We now form the formal linear sum of these p-simplices and 
call any such combination a p-chain, allowing multiples of any 
one a We denote the totality of these p-chains by C and one 
P' P 
member of C by cp. Thus a typical p-chain 
P 
with each m i €  J where J is an arbitrary Abelian group. We can 
then regard this set C as a group (an additive Abelian group) 
P 
under the operation +, by demanding 
together with the identity (zero) 0 for which each m. = 0. 
P 
Combining every group C for p = O,l, ..., n, we obtain by the 
P' 
direct sum the chain group C., written 
Any element in C is of the form 
With every p-chain c we now associate a certain (p-1)- 
P 
chain, called its boundary, and denoted by ac . We define ac 
P P 
precisely in terms of the boundary of a simplex aa and if 
P' 
i 
c = C m. o we take 
P i 1 P  
i 
ac = l m . a o  . 
P i 1 P  
I n  other words, tie require that 2 should be a homomorphism from 
C into Cp-l. 
P 
If a typical u is a = <x1x2 ... x ~ + ~  > we define a 0  by 
P P P 
where li means that the vertex xi is omitted. 
Figure 1 shows a geometric representation of a u2 = <x x x > 1 2 3  
together with the orientation, and the induced orientations on 
the edges. In this case 
this means that 
which is a 1-chain, a member of C1. 
Figure 1. A 2-simplex with its faces oriented. 
The bounda ry  o f  a  c h a i n  c a n  b e  s e e n  a s  i t s  image  u n d e r  t h e  
o p e r a t o r  a ,  which  i s  a  map 
a :  C  + C  f o r  p  = 1 ,  ... n  . 
P  P-1 
Not o n l y  i s  a a  homomorphism ( i t  p r e s e r v e s  t h e  a d d i t i v e  s t r u c t u r e ) ,  
b u t  it  i s  e a s i l y  s e e n  t o  b e  n i l p o t e n t - - t h a t  i s  t o  s a y ,  3 ( a c  ) = 
P  
0 i n  Cp-2, o r  
a 2  = 0  ( t h e  z e r o  m a p ) .  
I n  t h e  c a s e  shown i n  F i g u r e  1 ,  we h a v e  
S i n c e  3: C  -t C  i s  a  homomorphism, t h e  image  of  C  u n d e r  a 
P  P-1 P  
m u s t  b e  a  s u b g r o u p  o f  C p - l ;  we d e n o t e  t h i s  image 3C v a r i o u s l y  
P  
by i m  3  o r  by B a n d ,  b e c a u s e  a i s  n i l p o t e n t ,  we see t h a t  
P-1 
Those  p - c h a i n s  c E C which  a r e  s u c h  t h a t  t h e i r  b o u n d a r i e s  
P  P  
v a n i s h ,  t h a t  i s  ac = 0 ,  a r e  c a l l e d  p - c y c l e s .  They form a  sub-  
P 
g r o u p  o f  C  b e i n g  t h e  k e r n e l  of  t h e  homomorphism a ,  a n d  a r e  
P 
u s u a l l y  d e n o t e d  by t h e  symbo l s  z  t h e  whole  s u b g r o u p  b e i n g  Z 
P'  P'  
The members o f  B (which  i s  aC ) a r e  c l e a r l y  c y c l e s  t o o ,  by 
P  p+l  
t h e  a b o v e ,  and  s o  B c Z I n  f a c t  B i s  a  s u b g r o u p  of  Z 
P  P '  P  P'  
The members of  B a r e  c a l l e d  bound ing  c y c l e s  ( t h e y  a r e  
P  
c y c l e s  i n  an  i d e n t i c a l  o r  t r i v i a l  s e n s e ) ,  and  t h o s e  members o f  
Z which  a r e  n o t  members o f  B c a n  b e  i d e n t i f i e d  a s  r e p r e s e n t a -  
P  P  
t i v e s  o f  t h e  e l e m e n t s  o f  t h e  f a c t o r  g r o u p  ( o r  q u o t i e n t  g r o u p )  
Z /B . The members o f  t h i s  f a c t o r  q r o u p  a r e  o f  t h e  form 
P  P  
a n d ,  i f  w e  s e l e c t  o n e  member, s a y  z  o u t  o f  t h i s  e q u i v a l e n c e  P ' 
c l a s s ,  w e  c a n  a l s o  d e n o t e  it  by [ z  I . When two p - c y c l e s  z 1  and  
P  P  
1  
z 2  d i f f e r  by a p -bounda ry ,  t h e n  z  - z 2  E B and  w e  s a y  t h a t  z  1  
P  P P P  P  
a n d  z 2  a r e  homologous  ( o f t e n  w r i t t e n  a s  z 1  - . T h i s  i s  a  
P  P  z P )  
r e l a t i o n  o n  t h e  se t  o f  c y c l e s  and it  i s  e a s y  t o  see t h a t  it  i s  
a n  e q u i v a l e n c e  r e l a t i o n .  The q u o t i e n t  set  Z /-, u n d e r  t h e  re- 
P  
l a t i o n  o f  ' b e i n g  homologous  t o ' ,  i s  t h e  q u o t i e n t  g r o u p  Z /B 
P  P '  
t h e  g r o u p  s t r u c t u r e  b e i n g  d e t e r m i n e d  by t h e  o p e r a t i o n  + on t h e  
m e ~ n b e r s  z  + B . I n  t h i s  q r o u p  s t r u c t u r e ,  t h e  se t  B a c t s  a s  
p P  P 
t h e  a d d i t i v e  i d e n t i t y  ( t h e  ' z e r o '  ) , s i n c e  
( z  + B ) + B  = z  + B  
P  P  P P P  
f o r  a l l  z . 
P  
T h i s  p t h  f a c t o r  g r o u p  Z /B i s  wha t  i s  c a l l e d  t h e  p t h  
P  P  
homology g r o u p  and d e n o t e d  by H : 
P  
The g r o u p  o f  c y c l e s  Z b e i n g  mapped t o  z e r o  by t h e  homomorphism 
P  
a i s  w h a t  i s  known a s  t h e  k e r n e l  o f  a ( w r i t t e n  k e r  a )  and  s o  w e  
f i n d  t h e  a l t e r n a t i v e  fo rm 
The  o p e r a t i o n  o f  a o n  t h e  g r a d e d  g r o u p  C c a n  b e  i n d i c a t e d  by 
t h e  s e q u e n c e :  
t o g e t h e r  w i t h  t h e  s y m b o l i c  d i a g r a m  o f  F i g u r e  2  be low.  
Figure 2. A rlilpoter~t a operalir~g on a graded group C. 
I n  t h i s  d i ag ram B i s  r e p r e s e n t e d  by t h e  s h a d e d  b u l l ' s - e y e  i n  C - 
P  P '  
Z i s  t h e  i n n e r  r i n g  s u r r o u n d i n g  t h i s  s h a d e d  p o r t i o n .  
P  
When H = 0  t h e r e  i s  o n l y  one  e q u i v a l e n c e  c l a s s  i n  t h e  
P  
f a c t o r  g r o u p  and t h i s  i s  B e v e r y  z  E B  - e v e r y  c y c l e  i s  a  
P '  P  P '  
bound ing  c y c l e .  When H f 0  t h e r e  i s  more t h a n  one  e l e m e n t  i n  
P  
t h e  f a c t o r  g r o u p  and s o  t h e r e  mus t  b e  a t  l e a s t  o n e  c y c l e  wh ich  
i s  n o t  a  bound ing  c y c l e  a t  t h i s  l e v e l .  I n  F i g u r e  1  we have  H I  = 
2 0  b e c a u s e  t h e  o n l y  1 - c y c l e  i s  t h e  co inb ina t ion  a:  - a l  + a: ( a n d  
m u l t i p l e s  t h e r e o f )  and  t h i s  i s  a a 2 .  Because  t h e r e  i s  no  C 3  t h e r e  
c a n n o t  b e  a  B2 ( t h e  a 2  i s  n o t  t h e  boundary  o f  a n y t h i n g )  and  s i n c e  
a a 2  f 0 ,  Z 2  i s  a l s o  empty.  Under t h e s e  c o n d i t i o n s  we a l s o  w r i t e  
H 2  = 0 .  When H = 0  we s p e a k  o f  t h e  homology b e i n g  t r i v i a l  a t  
P  
t h e  p - l e v e l ;  when we s a y  t h a t  ' t h e  homology i s  t r i v i a l ' ,  w i t h o u t  
s p e c i f y i n g  t h e  v a l u e s  o f  p ,  we mean t h a t  H = 0  f o r  a l l  v a l u e s  
P  
o f  p  o t h e r  t h a n  p  = 0 .  T h i s  l a t t e r  g r o u p  Ho i s  n e v e r  z e r o ,  ex-  
c e p t  p o s s i b l y  when t h e  complex K i s  augmented  by i n c l u s i o n  o f  t h e  
s i m p l e x  whose v e r t e x  s e t  i s  empty.  
W e  c a n  see i n  F i g u r e  1  t h a t  t h e  homology i s  t r i v i a l ,  and  
a l s o  t h a t  Ho f 0 .  F o r  a n y  co i s  o f  t h e  fo rm 
and  t a k i n g  t h e  boundary  o f  a  p o i n t  t o  b e  z e r o ,  it f o l l o w s  t h a t  
cO must  be a  0 - c y c l e ,  C ~ E  ZO. But t h e  v e r t i c e s  x l ,  x 2 ,  x3  form 
p a r t  of an a rc -wise  connec ted  s t r u c t u r e  i n  t h e  s e n s e  t h a t  1- 
c h a i n s  c l ,  ci e x i s t  such  t h a t  
2  ( i n  f a c t  w e  need o n l y  t a k e  c l  = and c; = U l  ) . Hence w e  have 
CO = = (m + m + m ) < X  > + a (some 1-cha in )  - 
0 1 2 3 1  
Hence t h e  v e r t e x  x, a c t s  l i k e  a  s p e c i a l  chosen  0 - c y c l e  2 Of 
a l l  t h e  p o s s i b l e  0 - c y c l e s  i n  t h e  s t r u c t u r e  can  be  g e n e r a t e d  by 
w r i t i n g  
and eO, c o n s i s t i n g  o f  a  s i n g l e  p o i n t ,  c a n n o t  b e  t h e  boundary o f  
any  1-chain .  Hence 2 Bo and s o  Ho # 0; i n  f a c t  Ho c o n t a i n s  
a  s i n g l e  g e n e r a t o r  and ,  b e i n g  an a d d i t i v e  g roup ,  it i s  i somorph ic  
t h e r e f o r e  t o  t h e  a d d i t i v e  g r o u p  J (which i s  g e n e r a t e d  by a  s i n g l e  
symbol,  v i z . ,  1 ) .  Thus w e  s e e  t h a t  f o r  t h e  complex r e p r e s e n t e d  
i n  F i g u r e  1 ,  
o r ,  p r e f e r a b l y ,  w e  s h o u l d  u s e  t h e  symbol f o r  isomorphism and 
w r i t e  Ho J. 
The above argument  shows t h a t  t h i s  s t r u c t u r e  i s  c h a r a c t e r -  
i s t i c  o f  t h e  complex b e i n g  a r c - w i s e  connec ted  and we can  t h e r e -  
f o r e  g e n e r a l i z e  it t o  g i v e  t h e  r e s u l t :  
i f  K p o s s e s s e s  k connec ted  components t h e n  
w i t h  k  summands. T h i s  number k  i s  a l s o  known a s  t h e  z e r o - o r d e r  
B e t t i  number o f  K and t h e n  it i s  w r i t t e n  a s  BO. 
B e t t i  Numbers and T o r s i o n  
The g r o u p s  C Z B  a l r e a d y  d i s c u s s e d  a r e  examples  o f  
P '  P '  P  
f i n i t e l y  g e n e r a t e d  f r e e  g r o u p s ,  t h e r e  b e i n g  no  l i n e a r  d e p e n d e n c i e s  
be tween t h e  g e n e r a t o r s  o f  any o f  them. But t h i s  p r o p e r t y  o f  b e i n g  
' f r e e '  i s  n o t  n e c e s s a r i l y  t r u e  o f  t h e  f a c t o r  g r o u p  H I n d e e d ,  
P '  
i n  g e n e r a l ,  we f i n d  t h a t  H c a n  b e  w r i t t e n  a s  t h e  d i r e c t  sum o f  
P 
two p a r t s ,  o f  wh ich  o n e  i s  a  f r e e  g r o u p  and  t h e  o t h e r  i s  n o t .  
To e x p l a i n  t h i s  i d e a ,  and  t o  i l l u s t r a t e  it by a  p r a c t i c a l  ex -  
ample ,  we w r i t e  o u r  g e n e r a l  H i n  t h e  form 
P  
0 H = G @ T o r H  
P  P  P '  
where  Go i s  t o  b e  a  f r e e  g r o u p  and  Tor  H i s  t o  b e  c a l l e d  t h e  
P  P  
t o r s i o n  s u b g r o u p  o f  H Any e l e m e n t  o f  T o r  H p ,  s a y  h ,  i s  s u c h  
P' 
t h a t  nh = 0 f o r  some f i n i t e  i n t e g e r  n  ( w i t h  0 b e i n g  t h e  a d d i t i v e  
i d e n t i t y  o f  t h e  g r o u p  H ) .  I n  t h e  c o n t e x t  o f  b o u n d a r i e s  a n d  
P  
c y c l e s  t h i s  means t h a t  h  can  b e  w r i t t e n  i n  t h e  form h  = z  + B  
P  P'  
b e c a u s e  h  E H and t h a t  t h e r e  i s  a n  n  s u c h  t h a t  
P '  
t h i s  e l e m e n t  mus t  b e  i n  B  ( t h e  z e r o  o f  t h e  f a c t o r  g r o u p ) .  B u t  
P  
t h i s  means t h a t ,  a l t h o u g h  z  ,E! Bp, it mus t  b e  t h a t  n z  E B  f o r  
P  P  P  
t h i s  p a r t i c u l a r  v a l u e  o f  n .  T h i s  r a t h e r  s t r a n g e  b e h a v i o r  o f  
c e r t a i n  t o r s i o n  c y c l e s  i s  t h e  p r o p e r t y  which  t h e  s u b g r o u p  T o r  H P 
c h a r a c t e r i z e s .  
Members o f  t h e  f r e e  g r o u p  Go c a n n o t  behave  i n  t h i s  way; i f  
P  
z  E Go a n d  z  jd B  t h e n  n z  VB f o r  any  non-ze ro  v a l u e  o f  n.  F o r  
P  P  P  P  P  P  
t h i s  r e a s o n  a  f r e e  g r o u p  i s  o f t e n  c a l l e d  a n  i n f i n i t e  c y c l i c  g r o u p ,  
i n  c o n t r a s t  t o  t h e  f i n i t e  c y c l i c  g r o u p s  wh ich  g o  t o  make up Tor  H P' 
Thus Go w i l l  c o n s i s t  o f  summands o f  t y p e  J ( t h e  number o f  summands 
P  0 
w i l l  e q u a l  t h e  number o f  d i s t i n c t  g e n e r a t o r s  o f  G ) w h i l e  Tor  H D  
P  
w i l l  c o n s i s t  o f  summands o f  t y p e  J ( t h e  a d d i t i v e  i n t e g e r s  modulo m 
m 
if J = integers) for some choices of m. This must be so because 
a group like Jm is an additive Abelian group with the property 
that if ~ E J ~  then mh = 0. If Tor H contains a number of sub- 
P 
groups then each one will be isomorphic to some Jm, for a suit- 
able m. 
The number of generators of GO (the number of free genera- 
P 
tors of H ) is called the pth Betti number of the complex K, 
P 
sometimes written as D 
P' 
We have seen (cf. Figure 1) the case of a complex K posses- 
sing a trivial homological structure; in that example H1 = 0 be- 
cause the triangle a2 is filled in. If we cut out the inside 
of this a2, leaving only the edges, then we find that H1 = J, 
because there is now a single generator in the shape of 
which is not the boundary of a a2, the a2 having been removed. 
Thus the single generator of H1 represents the presence in K of 
a hole, bounded by 1-simplices (edges), what we shall call a 
1-dimensional hole. If the complex K contained two hollowed- 
out triangles then H1 would be isomorphic to the direct sum of 
J and J, written HI = J $ J. In a similar vein, if a geometrical 
representation of the complex K possessed a spherical hole 
(bounded by the surface of a sphere) we would find that H2 would 
contain a single generator Z 2 ~ B 2 ;  and if we found that H2 = 
J @ J we could interpret it as meaning that K possessed two 2-  
dimensional holes. 
In general then we wish to stress the interpretation of the 
free group GO as an algebraic representation of the occurrence 
P 
of p-dimensional holes in the complex K ;  the precise number of 
these holes is given by the pth Betti number f? . A geometrical 
P 
representation of the complex - as far as GO is concerned - 
P 
therefore looks like a sort of multi-dimensional Swiss cheese. 
The q - c o n n e c t i v i t y  a n a l y s i s  d i s c u s s e d  i n  t h e  n e x t  s e c t i o n  i s  
d e d i c a t e d  t o  showing u s  t h e  s t r u c t u r e  o f  t h e  " c h e e s e "  i n  between 
t h e  h o l e s .  The p o s s i b l e  i n t e r p r e t a t i o n  o f  t h e  t o r s i o n  subgroup  
Tor H i s  more e l u s i v e  i n  t h i s  c h e e s e - l i k e  c o n t e x t ,  b u t  t h e  P 
f o l l o w i n g  example [ I ]  shows t h a t  it can  have a v e r y  p r a c t i c a l  
s i g n i f i c a n c e  i n  a n o t h e r .  
Example 
1 2 3  Denote t h e  f a c e s  o f  a  g a m b l e r ' s  d i e  by t h e  symbols v  , v , v , 
4 5 6  
v , v , v . L e t  t h e s e  be t h e  v e r t i c e s  of a  5-s implex and l e t  K 
be t h i s  s implex  t o g e t h e r  w i t h  a l l  i t s  f a c e s ;  f o r  example ,  a  
t y p i c a l  1-s implex i s  t h e  p a i r  <v i  v J >  w i t h  i # j .  Impose t h e  
induced  o r i e n t a t i o n  on K ,  induced by t h e  n a t u r a l  o r d e r i n g  o f  t h e  
v e r t i c e s .  Now conduc t  a  s e r i e s  o f  e x p e r i m e n t s  i n  which t h e  d i e  
i s  s u c c e s s i v e l y  thrown u n t i l  t h e r e  i s  a r e p e t i t i o n  o f  a  d i e - f a c e ;  
i '  i n  t h i s ,  i n t e r p r e t  t h e  sequence {v , v 7 }  a s  t h e  n e g a t i v e  o f  t h e  
sequence  I"' ,v i3 .  The r e s u l t  o f  a  s e r i e s  o f  s u c c e s s i v e  th rows  
is t o  o b s e r v e  a n  e lement  i n  t h e  g raded  c h a i n  g r o u p  
N o t i c e  t h a t  t h e  boundary o f  t h e  r u n  <123> is t h e  1 -cha in  < 1 2 > ,  
< 2 3 > ,  < 3 1 > .  
I n  t h e  f i r s t  p l a c e  we e x p e c t  t h e  e x p e r i m e n t e r  t o  b e  a b l e  t o  
o b s e r v e  e v e r y  p o s s i b l e  d i s t i n c t  r u n  and s e r i e s  of r u n s .  I t  would 
t h e n  f o l l o w  t h a t  i n  t h e  g raded  c h a i n  group e v e r y  c y c l e  is a 
boundary and s o  
H = 0 f o r  p  = 1 , 2 , 3 , 4  ; P 
t h u s  t h e  homology i s  t r i v i a l .  
But  now l e t  u s  a l t e r  t h e  a r rangement  s o  t h a t  t h e  e x p e r i m e n t e r  
s u f f e r s  t h e  h a n d i c a p  o f  working w i t h  a  l a b o r a t o r y  a s s i s t a n t  who 
s e e s  t o  it (by d o c t o r i n g  t h e  r e c o r d s )  t h a t ,  l e t  u s  s a y ,  t h e  run  
<123> n e v e r  o c c u r s  - e i t h e r  by i t s e l f  o r  a s  a  f a c e  o f  any o t h e r  
run. This results in a drastic alteration of the complex K and 
its associated chain group. For example, the sequence c123456> 
never occurs, since it contains <123>. Furthermore, in the new 
complex K', there exists a cycle 
which is not a boundary. Hence the intervention of the assistant 
is reflected in an increase in the 1st Betti number B1 from the 
value 0 to the value 1. The assistant is responsible for punch- 
ing a hole in the complex; the homology group HI is now iso- 
morphic to J. 
Let us go further and alter the arrangements yet again. 
Suppose that the experiment is conducted by two fair-minded 
gamblers. They begin by noticing that the probabilities of dis- 
tinct runs corresponding to typical simplices ol, a * ,  a3, a,,, o5 
are 5/6, 5/9, 5/18, 5/54 and 5/324. Since they intend to bet on 
the experiment, our two gamblers agree to weight the simplices 
so as to even up the chances. They do this by introducing new 
(weighted) simplices as generators for the new chain group C'. 
These generators a' are related to the old generators Ui by the i 
formulae 
Now the homology has been altered yet again; for example, 
is in 2; but not in B ; ,  because the latter consists of multiples 
i 
of 108 C ol, 108 being the lowest common multiple of 36 and 54. 
i 
Hence there exists a cycle zl such that 2 z 1 €  Bi. This makes a 
contribution to H1 of the summand J2; HI now contains a torsion 
subgroup Tor HI. In fact 
t h e r e  b e i n g  10  summands i n  a l l .  The o t h e r  H a r e  n o t  a f f e c t e d  
P  
and  H = 0 f o r  p  = 2 , 3 , 4 .  
P  
The g a m b l e r s '  complex  t h e r e f o r e  p o s s e s s e s  t o r s i o n  which  i s  
e x p r e s s e d  i n  f I 1 .  I t  i s  t h e r e b y  c l e a r  t h a t  t h e  t o r s i o n  c a n  b e  
i n t r o d u c e d  i n t o  H ( K )  i n  d i f f e r e n t  ways ,  which  g i v e  d i f f e r e n t  
summands Jm, by a l t e r i n g  t h e  o d d s  on  t h e  outcome o f  t h e  e x p e r i -  
men t s .  Thus  a!, = 480,  l e a d s  t o  1 0  summands J3 ,  w i t h  
C o c h a i n s  and  C o b o u n d a r i e s  
W e  c a n  a s s o c i a t e  w i t h  a  c h a i n  g r o u p  C ( w i t h  c o e f f i c i e n t s  
i n  J )  a  d u a l  c o n c e p t ,  namely t h a t  o f  mappings  f r o m  C  i n t o  J .  
I n  d o i n g  t h i s  w e  i n t r o d u c e  t h e  c o n c e p t  o f  a  c o c h a i n ,  d u a l  t o  t h a t  
o f  a  c h a i n ;  e v e r y  s u c h  c o c h a i n  i s  a  mapping f rom C  i n t o  J: 
P r e c i s e l y ,  w e  d e n o t e  a  p - c o c h a i n  by cP, a n d  we a l s o  demand a d d i -  
t i v i t y  
W e  c a n  b u i l d  up a n y  p a r t i c u l a r  p - c o c h a i n  cP i n  terms o f  a  se t  o f  
mappings  f rom t h e  p - s i m p l i c e s  a  i n t o  J .  Hence ,  p r i o r  t o  t h e  
P  
n o t i o n  o f  a  c o c h a i n  we c a n  h a v e  t h e  n o t i o n  o f  a  c o s i m p l e x  up 
wh ich  is  s i m p l y  a mapping 
/ 
w i t h o u t  a n y  a d d i t i v e  s t r u c t u r e  assumed.  I f  t h e r e  a r e  h  
P  P- 
s i m p l i c e s  i n  K we c a n  d e f i n e  a  b a s i s  f o r  t h e  c o s i m p l i c e s  a s  t h e  
se t  o f  h  mappings  {aP  i = 1 , 2 , .  . . , h  1 where  
P  i '  P  
Then e v e r y  c o s i m p l e x  up i s  t h e  sum o f  t h e  u:, t h a t  i s  
and  e v e r y  p - c o c h a i n  i s  a  l i n e a r  c o m b i n a t i o n  
t o g e t h e r  w i t h  t h e  l i n e a r i t y  c o n d i t i o n .  The z e r o  c o c h a i n  map 
( f o r  any  p )  i s  t h e  one  d e f i n e d  by m. = 0,  f o r  a l l  v a l u e s  o f  i ,  
a n d  t h e  whole  set o f  p - c o c h a i n s  fo rm a n  a d d i t i v e  g r o u p  cP. Hence 
t h e  g r a d e d  c o c h a i n  g r o u p  i s  t h e  d i r e c t  sum 
where  n  = dim K .  To c o m p l e t e  t h e  d u a l i t y ,  we c a n  d e f i n e  a  co-  
boundary  o p e r a t o r  6  wh ich  i s  t h e  a d j o i n t  o f  a .  Adopt ing  t h e  
i n n e r  p r o d u c t  n o t a t i o n  ( c  ,cP)  f o r  t h e  v a l u e  ( i n  J )  o f  c P ( c  ) , 
P  P  
we d e f i n e  6  by 
wh ich  shows t h a t  6 :  cP + cP+'. I t  i s  a l s o  c l e a r  t h a t  6  i s  n i l -  
p o t e n t ,  62 = 0,  s i n c e  
= ( c  , 6 2 c P )  f o r  a l l  c h o i c e s  o f  c ~ + ~ ,  
P+ 2  
a n d  s o  62cP  mus t  b e  t h e  z e r o  map. W e  now h a v e  t h e  d u a l  cohomology 
g r o u p s ,  H'(K; J )  d e f i n e d  b y  
HP = z'/B' = k e r  6/im 6  . 
POLYHEDRAL DYNAMICS 
The previous section briefly reviewed a number of classical 
concepts from algebraic topology and their use in analyzing some 
features of the global connectivity of a simplicia1 complex K. 
In particular, we saw that knowledge of the homology groups en- 
ables us to determine the multidimensional holes of K .  In ad- 
dition, the torsion subgroups give information concerning the 
"twists" of the cycles of K and their dimensions. 
Now we turn the focus of our attention to some non-classical 
aspects of the connective structure of K. Rather than studying 
the holes of the complex which, in essence, is the study of what 
is absent from K, we investigate the "material" which is actually 
present. In other words, we shall look at the chains of connec- 
tion which form the fabric of the complex. In addition, we in- 
troduce measures which allow us to study how well any individual 
simplex is "integrated" into the total complex, thereby providing 
means for local analysis to complement the global picture obtained 
from the connectivity patterns. Finally, we inject a note of 
dynamism into the picture by means of the notion of a pattern on 
a complex. A pattern is basically a map which assigns a numerical 
value to each simplex of K. Pattern measures "traffic" which must 
be (i) determined by a vertex set and (ii) be graded on the simplices 
of K. Thus, we will see that a dynamical system can be mathe- 
matically structured as a complex in which there is a continual 
"flow" of numhers among the simplices. The connective structure 
of K then gives information as to various geometrical obstacles 
preventing free flow throughout the comylex, as well as the dimension 
and nature of the various obstacles preventing such a flow. The 
concepts of Newtonian and Einsteinian forces will then make their 
natural appearance in order to explain the flow of patterns in 
any given situation. 
Chains  o f  Connec t ion  
Given two s i m p l i c e s  Oi and i n  a  complex K ,  w e  s a y  t h e y  j  
a r e  j o i n e d  by a  c h a i n  of  c o n n e c t i o n  i f  t h e r e  e x i s t s  a  f i n i t e  
sequence  o f  s i m p l i c e s  oa , o  , . . . , a a  , i n  K ,  such  t h a t  
1 a2 n  
i l  oa is  a  f a c e  of ui , 
1 
ii) ua is  a  f a c e  o f  0 
n  j  
iii) u  and oa s h a r e  a  common f a c e ,  s = 1 , 2 ,  ..., n-1. 
as s +  1 
Such a  c h a i n  is  s a i d  t o  be  o f  l e n g t h  n-1. I f  
q  = min { i , a 1 , a 2 , .  . . , a n r j }  I 
t h e n  we s a y  t h e  c h a i n  i s  a  q - c o n n e c t i v i t y .  
I t  is t r i v i a l  t o  v e r i f y  t h a t  t h e  n o t i o n  of  q - c o n n e c t i v i t y  
is an e q u i v a l e n c e  r e l a t i o n  upon t h e  s i m p l i c e s  of  K .  Thus, it is  
o f  i n t e r e s t  t o  s t u d y  t h e  e q u i v a l e n c e  classes g e n e r a t e d  by t h i s  
r e l a t i o n .  
A s  a  measure  of t h e  g l o b a l  c o n n e c t i v i t y  p a t t e r n  o f  t h e  com- 
p l e x  K, w e  i n t r o d u c e  t h e  f i r s t  s t r u c t u r e  v e c t o r  Q ,  whose e n t r i e s  
a r e  n o n - n e g a t i v e  i n t e g e r s  i n d i c a t i n g  t h e  number o f  e q u i v a l e n c e  
c l a s s e s  i n  K f o r  e a c h  q ,  q  = O , l ,  ..., dim K ,  i . e .  
Qi = t h e  number of  i - c o n n e c t e d  components i n  K ,  
i = O , l ,  ..., dim K .  
I n t u i t i v e l y ,  one c o u l d  imagine  l o o k i n g  a t  t h e  complex K t h r o u g h  
s p e c i a l  g l a s s e s  which o n l y  e n a b l e  t h e  v iewer  t o  see i - d i m e n s i o n a l  
o b j e c t s .  With such  g l a s s e s ,  t h e  v iewer  would t h e n  s e e  t h e  com- 
p l e x  K s p l i t  i n t o  Qi d i s j o i n t  p i e c e s .  Consequen t ly ,  t h e  q- 
c o n n e c t i v i t y  v e c t o r  
g i v e s  v a l u a b l e  i n f o r m a t i o n  a s  t o  how t h e  " p i e c e s "  c o m p r i s i n g  t h e  
r e l a t i o n  A a r e  c o n n e c t e d  t o  e a c h  o t h e r  and a t  what  d i m e n s i o n a l  
l e v e l s  t h e s e  c o n n e c t i o n s  t a k e  p l a c e .  One s h o u l d  n o t e  t h a t  a l l  
t h e  s i m p l i c e s  i n  a  p a r t i c u l a r  component need  n o t  h a v e  q - s implex  
i n t e r f a c e s  i n  a  p a i r w i s e  f a s h i o n ,  b u t  r a t h e r  t h e r e  w i l l  b e  m u l t i -  
d i m e n s i o n a l  " t u b e s "  o f  s i m p l i c e s  which  j o i n  t h e  members o f  t h e  
component .  These  t u b e s  embody t h e  l o c a l  s t r u c t u r e  o f  t h e  complex 
a n d ,  t h e r e f o r e ,  o f  t h e  r e l a t i o n  A .  
A s i m p l e  a l g o r i t h m  s u i t a b l e  f o r  comput ing  Q f rom t h e  i n c i -  
d e n c e  m a t r i x  of X i s  g i v e n  i n  Appendix A .  
E c c e n t r i c i t y  
Whi le  t h e  s t r u c t u r e  v e c t o r  Q p r o v i d e s  v a l u a b l e  i n f o r m a t i o n  
c o n c e r n i n g  t h e  g l o b a l  c o n n e c t i v i t y  s t r u c t u r e  i n  K ,  it  g i v e s  v e r y  
l i m i t e d  i n f o r m a t i o n  a b o u t  t h e  i n d i v i d u a l  s i m p l i c e s  c o m p r i s i n g  
t h e  complex.  S i n c e  t h e  s i m p l i c e s  and v e r t i c e s  a r e  i d e n t i f i e d  
w i t h  t h e  e l e m e n t s  o f  t h e  sets X and Y ,  t h e y  a r e  t h e  i t e m s  o f  
p r i m a r y  p h y s i c a l  c o n c e r n  a n d ,  a s  a  r e s u l t ,  it i s  o f  some impor-  
t a n c e  t o  a t t e m p t  t o  d e v e l o p  some m e a s u r e s  i n d i c a t i n g  t h e  d e g r e e  
t o  which  e a c h  i n d i v i d u a l  s i m p l e x  i n t e g r a t e s  i n t o  t h e  e n t i r e  
complex K. 
Such a  measu re  f o r  a  g i v e n  s i m p l e x  o s h o u l d  c l e a r l y  t a k e  
a c c o u n t  o f  two i m p o r t a n t  f a c t o r s :  
i )  t h e  d i m e n s i o n  o f  0 ,  i . e .  t o  how many d i s t i n c t  e l e m e n t s  
i s  t h e  s i m p l e x  A - r e l a t e d ;  and  
ii) t h e  d e g r e e  t o  which  o i s  c o n n e c t e d  t o  t h e  r e m a i n d e r  o f  
t h e  complex ,  i . e .  how w e l l  i n t e g r a t e d  o i s  i n t o  K. 
I t  i s  f a i r l y  o b v i o u s  t h a t  a  h i g h - d i m e n s i o n a l  i s ,  i n  some 
s e n s e ,  more i m p o r t a n t  t o  t h e  u n d e r s t a n d i n g  o f  K t h a n  i s  a  low- 
d i m e n s i o n a l  s i m p l e x .  However, f o r  u n d e r s t a n d i n g  t h e  t o t a l  
complex ,  e v e n  i f  o i s  h i g h - d i m e n s i o n a l ,  it may s t i l l  n o t  b e  t o o  
important if it is only weakly-connected with the remainder of 
K .  ~ h u s ,  both of the requirements above must be taken into 
account in devising a measure of the importance of u to the 
entire complex. 
A measure which satisfies both of the points discussed 
above is the eccentricity of a, denoted ecc(u). If we denote 
6 = dimension of a , 
6 = dimension of the highest-dimensional simplex with 
which u shares a face, i .e. 6 is the largest q 
value for which o is in a component containing 
some other simplex, 
then we define 
Clearly, $ -  6 is a measure of the unusual, "non-conforming" 
nature of o; however, 4 - 6  = 2 is presumably more revealing if 
q = 1 than if 6 = 10. Hence, we use the ratio above as the 
measure of eccentricity, rather than the absolute difference 
4 - 6 .  
As an example of the ideas of q-connectivity and eccentrici- 
ty, consider the following hypothetical predator-prey ecosystem. 
Let the predator set be given by 
Y = {Man, Lions, Elephants, Birds, Fish, ~orses), 
= {Y, , Y ~ ~ Y ~ ~ Y ~ ~ Y ~ ~ Y ~ I  
while the set of prey is 
f~ntelopes, Grains, Pigs, Cattle, 1 
= I~rass, Leaves, Insects, Reptiles, 
We define a relation X on Y x X  by saying that (yirx.) E X I 
if and only if predator yi feeds on prey x.. A plausible inci- I 
dence matrix for this relation is 
~ h u s ,  if we consider the complex K (X;X), we have Y 
<x x x x > is a u3 whose name is y,, 1 2 3 4  
<X X > 1 3  is a o1 whose name is y2, 
and so on. 
The geometrical representation of Ky(X;X) is 
Already, the geometry suggests that the vertex <x2>, consisting 
of Grains, is going to be critical in the analysis of this eco- 
structure. 
Referring to the algorithm given in Appendix A, the con- 
nectivity vector Q is formed. We have 
Thus 
The e c c e n t r i c i t i e s  of t h e  s imp l i ces  y l  - y a r e  6 
e c c y l = l  , ecc y2 = 0 , ecc  y3 = 1 , 
ecc  y 4 =  1 , e c c y  = O  , e c c y 6 = 0  . 5 
Hence, we s e e  t h a t  t h e r e  i s  a g r e a t  d e a l  of homogeneity i n  K ,  no 
simplex e x h i b i t i n g  a s i g n i f i c a n t  degree  of  e c c e n t r i c i t y .  I n  o t h e r  
words, a l l  of  t h e  p r e d a t o r s  a r e  we l l  i n t e g r a t e d  i n t o  t h e  ecosystem. 
P a t t e r n s  and Dynamics 
An e s s e n t i a l  f e a t u r e  c h a r a c t e r i z i n g  most o f  modern system 
theory  i s  t h e  not ion  of a dynamic. I n t e r e s t i n g  a s  they  a r e  f o r  
some purposes,  s t a t i c  processes  a r e  of  l i m i t e d  u t i l i t y  when it 
comes t o  modelling most s i t u a t i o n s  i n  economics, soc io logy,  b i -  
ology,  and s o  on. Consequently, we now t u r n  ou r  a t t e n t i o n  t o  
t h e  development of concepts  which i n j e c t  a no te  of  dynamism i n t o  
t h e  h e r e t o f o r e  s t a t i c  geometric  p i c t u r e  of  a system given  above. 
The b a s i c  dev ice  used t o  inco rpora t e  a system dynamic i n t o  
t h e  s t r u c t u r a l  a n a l y s i s  a l r e a d y  developed i s  t h e  idea  of  a p a t t e r n .  
We conceive  of  a p a t t e r n  a s  being a mapping which a s s i g n s  a num- 
ber  t o  each simplex of t h e  complex K a t  each moment i n  t ime,  i . e .  
where N = dim K ,  I< b e i n g  a  s u i t a b l e  number f i e l d .  We a l s o  n o t e  
t h a t  s i n c e  t h e  complex K i s  graded  by t h e  d i m e n s i o n a l i t y  of  i t s  
component s i m p l i c e s ,  t h e  p a t t e r n  Il i s  a l s o  g r a d e d .  Thus,  we 
may w r i t e  
w i t h  each n b e i n g  a  map d e f i n e d  o n l y  upon s i m p l i c e s  of  dimen- i 
s i o n  i. Thus, t h e  numbers themse lves  a c q u i r e  a  "dimension" de- 
f i n e d  by t h e  dimension o f  t h e  s implex  w i t h  which t h e y  a r e  a s s o -  
c i a t e d  by n .  
The system dynamics i s  now i d e n t i f i e d  w i t h  a  change o f  
- - 
p a t t e r n  6II, i . e .  w i t h  a  d i s t r i b u t i o n  of  t h e  numbers among t h e  
s i m p l i c e s ,  
The e x i s t e n c e  o f  t h e  complex K i n d u c e s  t h e  n o t i o n  o f  a  b a s i c  
p a t t e r n  on K ,  namely t h a t  which a s s o c i a t e s  a  " 1 "  w i t h  e v e r y  s i m -  
p l e x  i n  K .  Changes i n  t h i s  b a s i c  p a t t e r n  a r e  t h e n  i n t e r p r e t e d  
i n  one  o f  two ways: 
i) Newtonian - we r e g a r d  t h e  complex R ,  i t s e l f ,  a s  b e i n g  
f i x e d .  Then changes  i n  t h e  p a t t e r n ,  6lI, a r e  i n t e r p r e t e d  
a s  s t r e s s e s  o r  f o r c e s  on t h e  s i m p l i c e s  o f  K .  Thus, i f  
611t # 0 ,  we have a  t - f o r c e  i n  K w i t h  611t > 0 b e i n g  a  
f o r c e  of  a t t r a c t i o n ,  w h i l e  611t < 0 is r e g a r d e d  a s  a  
f o r c e  o f  r e p u l s i o n .  From t h e  Newtonian p o i n t  o f  v iew,  
K i s  r e g a r d e d  a s  a  s t a t i c  framework under  s t r e s s .  
ii) E i n s t e i n i a n  - a n  a l t e r n a t e  approach  t o  i n t e r p r e t i n g  6 n  
i s  t o  r e g a r d  6 n  a s  d e f i n i n g  a  new complex b a c k c l o t h  by 
a d d i t i o n  o r  d e l e t i o n  o f  v e r t i c e s .  I n  o t h e r  words ,  t h e  
o r i g i n a l  geometry o f  K i s  changed t o  accommodate t h e  
change of  p a t t e r n  6n o r ,  c o n v e r s e l y ,  a  change i n  t h e  
geometry may induce  a  p a t t e r n  change 6 n .  
L e t  u s  e x p l o r e  t h e  E i n s t e i n i a n  i n t e r p r e t a t i o n  a  b i t  f u r t h e r .  
S i n c e  t h e  numbers a s s o c i a t e d  w i t h  e a c h  s i m p l e x  have a  " n a t u r a l "  
d imens ion  e q u a l  t o  t h a t  of  i t s  s i m p l e x ,  a  free change o f  p a t t e r n  
at level q is possible only if: (i) another simplex nf dimension 
> q exists in K and (ii) the two simplices in question belong to 
-
the same q-connected component of K. 
Point (ii) explicitly indicates the relevance of our previous 
q-analysis to the dynamics of the process. If we define the unit 
vector 
then the system obstruction vector is defined as 
Thus the non-zero components of 0 indicate those q-levels in K 
for which a free change of pattern is not always possible, i.e. 
A 
Qq > 0 implies the existence of a geometrical obstruction to the 
free change of n. For a detailed mathematical discussion of this 
point, see [ 31  - 
Returning now to the Einsteinian interpretation of we 
see that it amounts to saying that the only changes of n that 
can arise are those which the geometry of the system permits. 
In other words, the geometry of the complex is altered from stage 
to stage so that all pattern changes are free. Thus, the only 
allowable pattern changes are those free changes which the geo- 
metry permits. 
LINEAR SYSTEMS 
With the previous pages as prologue, we now turn to the ques- 
tion how the polyhedral dynamics methodology interfaces with 
more traditional concepts of mathematical system theory. In 
particular, we shall be concerned in this section with illustra- 
ting the use of polyhedral dynamics for analyzing the geometrical 
structure of linear systems. It will be seen that the severe 
restriction of linearity enables us to gain a number of new in- 
sights into important aspects of linear system theory and that 
the polyhedral dynamics concept suggests a number of new directions 
for future research. 
To f i x  o u r  n o t a t i o n s ,  w e  r e g a r d  a  l i n e a r  dynamica l  sys tem 
C a s  b e i n g  e q u i v a l e n t  t o  a  t r i p l e  o f  c o n s t a n t  m a t r i c e s  C = (FIG,  
H ) ,  connec ted  t h r o u g h  t h e  dynamica l  e q u a t i o n s  
Here x  i s  t h e  n-dimensional  s t a t e  v e c t o r ,  u  i s  a n  m-dimensional 
i n p u t  v e c t o r ,  and y  is  a  p-dimensional  o u t p u t  v e c t o r .  The ma- 
t r i c e s  F , G , H ,  a r e  of  s i z e s  n x  n ,  n x  m ,  p~  n ,  r e s p e c t i v e l y ,  w i t h  
e n t r i e s  i n  some f i e l d  k .  F u r t h e r  mathemat ica l  d e t a i l s  a r i s i n g  
from such  a  s e t - u p  may be  found i n  t h e  t e x t s  [ 7 , 8 ] ;  f o r  p r e s e n t  
p u r p o s e s ,  it s u f f i c e s  t o  t h i n k  of  C a s  b e i n g  a  "machine" which 
t r a n s f o r m s  t h e  i n p u t s  u ( t )  i n t o  t h e  o u t p u t s  y ( t )  by means o f  t h e  
i n t e r m e d i a t e  " i n t e r n a l "  v a r i a b l e  x ( t )  . The m a t r i c e s  F,G,H, t h e n  
p r e s c r i b e  t h e  i n t e r n a l  s t r u c t u r e  o f  C ,  t o g e t h e r  w i t h  t h e  r e s r t r i c -  
t i o n s  upon how C i s  a l lowed  t o  i n t e r a c t  w i t h  t h e  o u t s i d e  wor ld .  
Our f i r s t  t a s k  i n  a t t e m p t i n g  t o  i n t e r p r e t  t h e  above s e t - u p  
i n  t h e  c o n t e x t  of  p o l y h e d r a l  dynamics  i s  t o  i d e n t i f y  a p p r o p r i -  
a t e  sets X and Y .  To make headway on  t h i s  problem,  w e  t a k e  o u r  
c u e  from t h e  approach used i n  t h e  t h e o r y  of  d i f f e r e n t i a l  forms 
t o  t r e a t  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  o f  t h e  above t y p e  [91. 
The d i f f e r e n t i a l  forms a n a l y s i s  makes a  s h a r p  d i s t i n c t i o n  be- 
tween t h e  " s t a t e "  o r  " p o s i t i o n "  a t  a  g i v e n  i n s t a n t  and t h e  i n -  
s t a n t a n e o u s  "change" o r  " v e l o c i t y "  a t  t h e  p o i n t .  I n  f a c t ,  t h e y  
a r e  r e g a r d e d  a s  c o n j u g a t e  o b j e c t s .  S i n c e  o u r  e a r l i e r  d i s c u s s i o n  
h a s  s t r e s s e d  t h e  r o l e  o f  c o n j u g a t e  r e l a t i o n s  o b t a i n e d  from a  
g i v e n  r e l a t i o n  X by i n t e r c h a n g i n g  t h e  r o l e s  o f  t h e  s e t s  X and Y ,  
it seems r e a s o n a b l e  t o  c o n s i d e r  c h o o s i n g  t h e  sets X and Y t o  
c o n s i s t  o f  t h e  s t a t e s  {x i )  and t h e  d i f f e r e n t i a l s  o r  c o - s t a t e s  
{dxi)  . For  t h e  s a k e  o f  d e f i n i t e n e s s ,  
1 2  n  X = { X  , X  , . . . , x  = s i m p l i c e s  , 
1 n  
Y = I d x  , d x 2 , . . . , d x  ) = v e r t i c e s  . 
Having s e l e c t e d  X and Y i n  t h e  above manner,  we t u r n  t o  t h e  
d e f i n i t i o n  o f  t h e  r e l a t i o n  X c Y x X. S i n c e  t h e  e l e m e n t s  o f  X and 
Y b o t h  r e f e r  o n l y  t o  t h e  i n t e r n a l  v a r i a b l e  x ,  it i s  e v i d e n t  t h a t  
t h e  d e f i n i t i o n  o f  X w i l l  n o t  i n v o l v e  t h e  e x t e r n a l  i n t e r a c t i o n  
m a t r i c e s  G and H ,  b u t  w i l l  be  c o n f i n e d  t o  t h e  i n t e r n a l  c o u p l i n g  
s t r u c t u r e  p r e s e n t  i n  F. Thus,  w e  d e f i n e  X by t h e  r u l e  
( d x i , x J )  E X P f . .  # o . 
1 I 
Revers ing  t h e  r o l e s  o f  X and Y, w e  immedia te ly  o b t a i n  t h e  d e f i n -  
i n g  r u l e  f o r  t h e  c o n j u g a t e  r e l a t i o n  A - '  a s  
Thus,  we s e e  t h a t  t h e  i n c i d e n c e  m a t r i x  A ( o r  A - ' 1  i s  o b t a i n e d  from 
F by t h e  r u l e s  
and 
( R e c a l l :  A-' d e n o t e s  t h e  i n c i d e n c e  m a t r i x  f o r  t h e  c o n j u g a t e  r e -  
l a t i o n s  and does,  n o t  mean t h e  i n v e r s e  of  A i n  t h e  u s u a l  s e n s e . )  
The f o r e g o i n g  d e f i n i t i o n s  have  been i n t r o d u c e d  t o  make it 
p a r t i c u l a r l y  s i m p l e  t o  make c o n t a c t  w i t h  t h e  u s u a l  sys tem dynam- 
i c s .  S i n c e  w e  have  a l r e a d y  d e f i n e d  t h e  p a t t e r n  t o  b e  a  mapping 
a s s i g n i n g  a  number from some f i e l d  k  t o  each  s i m p l e x  a t  e a c h  
t i m e ,  w e  now see t h a t  i n  t h e  above l i n e a r  sys tem s e t - u p ,  t h e  
g e n e r a l  n o t i o n  o f  a  p a t t e r n  i s  n o t h i n g  more t h a n  t h e  a c t u a l  nu- 
m e r i c a l  r e a l i z a t i o n  o f  t h e  s t a t e  v e c t o r  a t  e a c h  i n s t a n t  i n  t i m e ,  
i . e .  
Hence ,  a s  d i s c u s s e d  a b o v e  i n  a more a b s t r a c t  c o n t e x t ,  t h e  dynamics  
o f  t h e  p r o c e s s  a r e  c o n t a i n e d  i n  t h e  p a t t e r n  II a n d  how it c h a n g e s  
o v e r  t h e  complex  and  n o t  i n  t h e  u n d e r l y i n g  g e o m e t r i c a l  s t r u c t u r e  
o f  t h e  complex  i t s e l f ,  a l t h o u g h  t h e  geomet ry  d o e s  d e t e r m i n e  how 
t h e  p a t t e r n  II c a n  change .  T h i s  is  a n  i m p o r t a n t  d i s t i n c t i o n  wh ich  
m u s t  b e  c l e a r l y  k e p t  i n  mind.  
I n  o r d e r  t o  f i x  t h e  b a s i c  n o t i o n s ,  we c o n s i d e r  a p r o t o t y p i c a l  
e x a m p l e .  C o n s i d e r  a  s i n g l e - i n p u t  s y s t e m  C g i v e n  i n  c o n t r o l  can -  
o n i c a l  fo rm,  i . e .  m = 1 ,  
Assume t h a t  a l l  a i  # 0 .  I t  i s  e a s i l y  s e e n  t h a t  t h e  i n c i d e n c e  
m a t r i x  f o r  t h e  r e l a t i o n  h i s  
- 1 
w h i l e  t h a t  f o r  t h e  c o n j u g a t e  r e l a t i o n  h i s  
G e o m e t r i c a l l y ,  w e  may v i s u a l i z e  ( f o r  n = 4 )  t h e  r e l a t i o n  X 
4 
a t e t r a h e d r o n  r e p r e s e n t i n g  t h e  3 - s i m p l e x  x  , t o g e t h e r  w i t h  t h e  
1 2  3  t h r e e  0 - s i m p l i c e s  x  , x  , and  x  . 
The s t r u c t u r e  v e c t o r  Q i s  e a s i l y  compu ted  f o r  t h i s  complex  
f o r m  A .  W e  h a v e  
a t  l eve l  q = n  - 1  , ?I-, = 1  1 x 9  , 
g = n  - 2  , Qn-, = 1  (xn} , 
. . 
. . 
. . 
¶ = I  , Q, = 1  {xn) , 
T h u s ,  
The c o n j u g a t e  complex ,  g e n e r a t e d  by t h e  i n c i d e n c e  m a t r i x  A ' ,  
h a s  t h e  f o l l o w i n g  c o n n e c t i v i t y  s t r u c t u r e :  
-1 
a t l e v e l  q L 2  , Q > 2 = 0  , 
- 
-1 q = 1  , Q1 = n - 1  , 2  I& 1, { d x 3 ) ,  . . . , tdx4? , 
Hence ,  
and we have t h e  g e o m e t r i c a l  r e p r e s e n t a t i o n  
2 n  1  
c o n s i s t i n g  o f  (n-1)  1 - s i m p l i c e s  dx ,..., d x  , and t h e  0-s implex dx . 
The e c c e n t r i c i t i e s  f o r  t h e  two complexes a r e  e a s i l y  s e e n  t o  
i f n  i 
e c c ( x  ) = {l - ' I  , i = n  , 
i 1 , i f 1  
e c c  (dx ) = 
0 ,  i = l  , 
i n d i c a t i n g  t h a t  o n l y  t h e  s implex  xn " s t a n d s  o u t "  i n  t h e  complex 
1 .  K X ( Y ; X ) ,  w h i l e  o n l y  t h e  s implex  dx  i s  " a n t i s o c i a l "  i n  t h e  con- 
j u g a t e  complex. 
The p r e c e d i n g  d i s c u s s i o n  shows t h a t  t h e  sys tem m a t r i x  F  de-  
t e r m i n e s  t h e  geometry o f  t h e  i n t e r n a l  s t r u c t u r e  o f  C .  We now 
i n v e s t i g a t e  t h a t  o f  t h e  r o l e  o f  t h e  i n p u t  m a t r i x  G and  t h e  o u p u t  
m a t r i x  H .  
From t h e  s t a n d p o i n t  o f  "Newtonian" i n p u t s ,  o r  f o r c e s ,  it is 
e a s y  t o  s e e  from t h e  sys tems  dynamics  t h a t  a n  a p p l i e d  i n p u t  u ( t l  
w i l l  d i r e c t l y  i n f l u e n c e  t h e  v e r t e x  dxi i f  and o n l y  i f  a t  l e a s t  
one  e n t r y  i n  t h e  i t h  row i f  G i s  non-zero.  I n  g e o m e t r i c a l  t e r m s ,  
we r e g a r d  a n  open-loop i n p u t  u ( t )  a s  b e i n g  a  f o r c e  which i s  ex-  
e r t e d  upon t h e  v e r t i c e s  o f  t h e  complex K ( Y ; X ) ,  w i t h  t h e  e n t r i e s  X 
of  G d e t e r m i n i n g  which v e r t i c e s  a r e  a f f e c t e d  d i r e c t l y  by u ( t ) ,  
and by what  magni tude.  
The s i t u a t i o n  becomes f a r  more i n t e r e s t i n g ,  however,  i f  we 
c o n s i d e r  f eedback  i n p u t s  o f  t h e  t y p e  u ( t )  = - K x ( t ) ,  K b e i n g  a  f i x e d  
m a t r i x .  I n  t h i s  c a s e ,  we s e e  t h a t  t h e  new sys tem dynamics become 
which,  by t h e  above r u l e  f o r  g e n e r a t i n g  t h e  r e l a t i o n s  A ,  d e f i n e s  
a  new complex. Consequen t ly ,  we a r e  j u s t i f i e d  i n  i n t e r p r e t i n g  
feedback  a s  b e i n g  a n  " E i n s t e i n i a n "  i n p u t ,  i n  t h e  s e n s e  t h a t  it 
changes  t h e  a c t u a l  geometry o f  t h e  problem. I n  t h i s  c o n t e x t ,  we 
s e e  t h a t  t h e  sys tem i n p u t  m a t r i x  G p l a y s  a  f a r  more c e n t r a l  r o l e  
i n  t h a t  i t s  e n t r i e s  d e t e r m i n e  how t h e  i n t e r n a l  geometry o f  Z may 
be a l t e r e d  by means o f  f e e d b a c k ,  o r  E i n s t e i n i a n ,  i n p u t s .  Thus,  
we have t h e  i n t e r p r e t a t i o n s  
feedback  i n p u t  ++ changes  of  sys tem geometry 
open- loop i n p u t s  ++ induced  f o r c e s  on a  f i x e d  geometry 
Turn ing  now t o  t h e  c o n s i d e r a t i o n  of  t h e  o b s e r v a t i o n  m a t r i x  
H ,  we have  
However, by v i r t u e  o f  o u r  d e f i n i t i o n  o f  t h e  x i ' s  a s  s i m p l i c e s  o f  t h e  
complex, t o g e t h e r  w i t h  t h e  d i s c u s s i o n  g i v e n  e a r l i e r  o f  c h a i n s  and 
t h e  c h a i n  g roup ,  we s e e  t h a t  e a c h  sys tem o u t p u t  y i ( - )  is  an e l e -  
ment o f  t h e  c h a i n  g roup  C - ,  i . e .  e a c h  y i ( - )  i s  a  l i n e a r  combina- 
t i o n  ( o v e r  t h e  f i e l d  k) o f  s i m p l i c e s  ( t h e  xi )  of  v a r i o u s  d imens ions .  
Our p r e v i o u s  i n t e r p r e t a t i o n s  o f  t h e  p a t t e r n  Il a s  b e i n g  t h e  
mapping which " e v a l u a t e s "  t h e  argument  a t  t i m e  t show t h a t  t h e  
a c t u a l  n u m e r i c a l  o u t p u t ,  y i ( t ) ,  i s  a n  e lement  o f  t h e  co-cha in  
g roup ,  i . e .  
Thus,  
T h e s e  c o n s i d e r a t i o n s  show t h a t  t h e  e l e m e n t s  o f  H d e t e r m i n e  t h e  
s p e c i f i c  c o - c h a i n  u s e d  t o  g e n e r a t e  t h e  s y s t e m s  o u t p u t .  A n o t h e r  
way o f  l o o k i n g  a t  t h i s  is  t o  r e g a r d  H a s  d e t e r m i n i n g  t h e  sub -  
g r o u p  o f  t h e  c h a i n  g r o u p  wh ich  i s  u s e d  t o  g e n e r a t e  t h e  o u t p u t  
c o - c h a i n .  
I n  g e o m e t r i c a l  t e r m s ,  H d e t e r m i n e s  wh ich  " p i e c e s "  o f  t h e  
i n t e r n a l  geome t ry  a r e  r e f l e c t e d  i n  t h e  s y s t e m  o u t p u t ,  a n  i n t u -  
i t i v e l y  s a t i s f y i n g  r o l e  f o r  t h e  o b s e r v a t i o n  m a t r i x  t o  p l a y .  
DISCUSSION 
The p r e c e d i n g  r e s u l t s  g i v e  r i se  t o  a  number o f  i m p o r t a n t  
( and  n o n - s t a n d a r d )  q u e s t i o n s  r e g a r d i n g  t h e  g e o m e t r i c  s t r u c t u r e  
o f  l i n e a r  s y s t e m s .  Some o f  t h e  i s s u e s  which  come t o  mind i m -  
m e d i a t e l y  a r e :  
i) Given f i x e d  F and G ,  w h a t  g e o m e t r i c  c h a n g e s  a r e  p o s s i b l e  
by a p p l i c a t i o n  o f  f e e d b a c k ?  Such a  q u e s t i o n  i s  i n t i -  
m a t e l y  r e l a t e d  t o  s t a n d a r d  c o n t r o l l a b i l i t y  and  p o l e -  
s h i f t i n g  r e s u l t s .  F o r  some p r e l i m i n a r y  work i n  a  re- 
l a t e d  d i r e c t i o n  w e  recommend [lo] which  t r e a t s  t h e  con-  
t r o l l a b i l i t y  p r o b l e m  f rom t h e  s t r u c t u r a l  r a t h e r  t h a n  
n u m e r i c a l  p o i n t  o f  v i e w ,  i . e .  u t i l i z i n g  o n l y  t h e  z e r o /  
non -ze ro  s t r u c t u r e  o f  F  a n d  G r a t h e r  t h a n  t h e i r  p r e c i s e  
n u m e r i c a l  e n t r i e s .  
- 1 ii) Given  t h e  s t r u c t u r e  v e c t o r s  Q a n d  Q  , i s  it p o s s i b l e  
t o  r e c o n s t r u c t  a  s y s t e m  m a t r i x  F g i v i n g  r i se  t o  t h i s  
s t r u c t u r e ?  I f  s o ,  is  F u n i q u e ,  and  i f  n o t ,  how c a n  w e  
c h a r a c t e r i z e  a l l  p o s s i b l e  F g e n e r a t i n g  Q and  Q-l? 
iii) How may we g e n e r a l i z e  c l a s s i c a l  s t a b i l i t y  c o n c e p t s  t o  
a p p l y  t o  t h e  s t r u c t u r a l  s e t t i n g ?  Some o f  t h e  work o n  
" c o n n e c t i v e "  s t a b i l i t y ,  a s  r e p o r t e d  i n  [Ill, p r o v i d e s  
p r e l i m i n a r y  r e s u l t s  i n  t h i s  d i r e c t i o n .  
i v )  What i s  t h e  meaning  o f  c y c l e s  i n  t h e  s y s t e m - t h e o r e t i c  
c o n t e x t  and  how s h o u l d  o n e  i n t e r p r e t  t h e  homology g r o u p s  
and  t h e  B e t t i  numbers? C l e a r l y ,  t h e s e  i m p o r t a n t  
t o p o l o g i c a l  i n v a r i a n t s  p r o v i d e  v i t a l  i n f o r m a t i o n  con- 
c e r n i n g  t h e  g e o m e t r i c  o b s t r u c t i o n s  t o  a  f r e e  f l o w  o f  
p a t t e r n s  t h r o u g h o u t  a  g i v e n  complex. However, more 
work i s  needed t o  make t h e  n o t i o n s  p r e c i s e .  
V )  I n  what manner may t h e  above i n t e r p r e t a t i o n s  o f  X , Y  
and X b e  ex tended  t o  n o n - l i n e a r  s y s t e m s ?  A re-examin- 
a t i o n  o f  t h e  b a s i c  d e f i n i t i o n s  shows t h a t  t h e  l i n e a r -  
i t y  assumpt ions  on t h e  sys tem dynamics  p l a y  a  v e r y  
minor  r o l e  i n  t h e  f i n a l  r e s u l t s .  The o n l y  p l a c e  where  
we s e e  l i n e a r i t y  e n t e r i n g  i n  any e s s e n t i a l  f a s h i o n  i s  
i n  t h e  i - n t e r p r e t a t i o n  o f  t h e  sys tem o u t p u t s  a s  e l e m e n t s  
o f  t h e  c h a i n  group;  however,  even h e r e  t h e r e  seems t o  
be  a  p o s s i b i l i t y  t o  a l l o w  n o n l i n e a r i t y  by d e f i n i n g  a  
n o n l i n e a r  a n a l o g  o f  t h e  c h a i n  g r o u p ,  o r  a l t e r n a t i v e l y  
we migh t  a s k  whe ther  n o n l i n e a r i t y  i s  e q u i v a l e n t  t o  
g raded  l i n e a r i t y  v i a  C = {cp) .  I n  s h o r t ,  most o f  t h e  
b a s i c  d e f i n i t i o n s  and r e s u l t s  seem c a p a b l e  o f  e x t e n s i o n  
t o  b road  c l a s s e s  of n o n - l i n e a r  s y s t e m s  w i t h  modest a d d i -  
t i o n a l  e f f o r t .  
i v )  S i n c e  a p p l i c a t i o n  o f  f eedback  i n p u t s  may be  used  t o  
change t h e  geometry o f  C ,  we a r e  l e d  t o  pose  a  new 
c l a s s  o f  c o n t r o l  p r o c e s s e s  i n  which t h e  c r i t e r i o n  func-  
t i o n  i s  chosen t o  measure  a s p e c t s  o f  sys tem s t r u c t u r e .  
I t  i s  o f  c o n s i d e r a b l e  i n t e r e s t  t o  i n v e s t i g a t e  how t h e  
s t a n d a r d  " o p t i m a l "  feedback  law a s s o c i a t e d  w i t h  qua- 
d r a t i c  c o s t  f u n c t i o n s  m o d i f i e s  t h e  geometry o f  C and 
a s k  whe ther  a n o t h e r  law migh t  b e  p r e f e r a b l e  i f  t h e  c r i -  
t e r i a  were  modi f i ed  t o  i n c l u d e  v a r i o u s  s t r u c t u r a l  c o s t s .  
I n  a d d i t i o n ,  we migh t  a l s o  c o n s i d e r  c o n t r o l  p r o c e s s e s  
f o r  which some o f  t h e  a d n i s s i b l e  i n p u t s  c o n s i s t  o f  a d d i -  
t i o n  and /or  d e l e t i o n  o f  v e r t i c e s  f rom t h e  complex. A l l  
o f  t h e s e  q u e s t i o n s  c a l l  f o r  f u r t h e r  s t u d y .  
v i i )  P a s s i n g  t o  t h e  complex K (x :  X - ' ) ,  we immedia te ly  s e e  Y 
t h e  r e l e v a n c e  o f  t h e  p r e c e d i n g  s e t - u p  t o  t h e  u s u a l  du- 
a l i t y  r e s u l t s  o f  s t a n d a r d  l i n e a r  s y s t e m  t h e o r y  [ a ] .  
The i n t r i g u i n g  q u e s t i o n  t h a t  now a r i s e s  i s  whether  o r  
not the added geometrical insight provided by the sim- 
plicial set-up will serve as sufficient mathematical 
inspiration to create a duality theory for nonlinear 
systems. 
viii) What interpretation can be given to the homotopy group 
elements [ 2 ]  either in KX(Y:A) or in icy (x:A-')? This 
essentially local view of the geometrical structure 
night be relevant to conventional noise in C [ 3 ] .  
APPENDIX A 
Algorithm for Q-Analysis 
If the cardinalities of the sets Y and X are m and n, re- 
spectively, the incidence matrix A is an (mxn) matrix with entries 
0 or 1. In the product AA', the number in position (i,j) is the 
result of the inner product of row i with row j of A. This num- 
ber equals the number of 1's common to rows i and j in A. There- 
fore, it is equal to the value (q+l), where q is the dimension of 
the shared face of the simplices a a represented by rows i and j. 
P' r 
Thus, the algorithm is: 
(1) For AA' (an mxm matrix) , 
(2) Evaluate Ah'-R, where R is an mxm matrix all of whose 
entries are 1 ,  
(3) Retain only the upper triangular part (including the 
diagonal) of the symmetric matrix AA'-R. The integers 
on the diagonal are the dimensions of the Yi as sim- 
plices. The Q-analysis then follows by inspection. 
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